A NOTE ON THE STANDARD MODEL 
IN A GRAVITATION FIELD. 



R. A. Sharipov 

Abstract. The Standard Model of elementary particles is a theory unifying three of 
the four basic forces of the Nature: electromagnetic, weak, and strong interactions. 
In this paper we consider the Standard Model in the presence of a classical (non- 
quantized) gravitation field and apply a bundle approach for describing it. 



1. Fermion fields of the Standard Model. 

Fermion fields of the Standard Model are subdivided into two parts: lepton 
fields and quark fields. Lepton fields are subdivided into three generations. The 
first generation is represented by an electron e and an electronic neutrino v e , the 
second generation is represented by a muon /x and its neutrino v^, and the third 
generation is represented by a tauon r and its neutrino v r . 



1-st generation 


2-nd generation 


3-rd generation 


e-neutrino v e 


^-neutrino 


r-neutrino v T 


electron e 


muon /i 


tauon t 



(1.1) 



In a similar way, quarks are subdivided into three generations. They are represented 
in the following table similar to the above table (1.1): 



1-st generation 


2-nd generation 


3-rd generation 


up- quark u 


charm-quark c 


top-quark t 


down-quark d 


strange-quark s 


bottom-quark b 



(1.2) 



Leptons participate in electromagnetic and weak interactions. These interactions 
are described by the U(l) x SU(2) symmetry which is spontaneously broken accord- 
ing to the Higgs mechanism. Moreover, they break the chiral symmetry on the level 
of Dirac spinors. This symmetry is often called the left-to- right symmetry, but we 
prefer to say the chiral-to-antichiral symmetry or simply the chiral symmetry (see 
some details in [1]). We distinguish between lepton wave functions by mens of the 
generation index enclosed into square brackets: 



(1.3) 
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The wave functions (1.3) have chiral and antichiral constituent parts. Chiral parts 
are doublets with respect to SU(2) symmetry: 



V'mN, 



(1.4) 



The indices in (1.4) means that we take the space-time manifold M equipped the 
appropriate complex vector bundles DM, UM. and SUM (see [2]). The index 
a = 1,2,3,4 in (1.4) is a spinor index associated with the Dirac bundle DM or, 
more precisely, with some frame (Z7, l&i, 1 4 , 2, ^4) of DM. The index a = 1, 2 
is associated with some frame (U, 4*1, ^2) of the two-dimensional complex bundle 
SUM. Due to the presence of this index the wave functions (1.4) are said to be 
SU(2)-doublets. Three lower indices in (1.4) are always equal to unity because they 
are associated with some frame (U, of the one-dimensional bundle UM. 

The antichiral parts of the wave functions (1.3) are SU(2)-singlets. Their com- 
ponents have one spinor index a and six U(l) indices equal to 1: 



V<iii 



111 L 



(1.5) 



By usual convention (see [3]) antichiral (right) neutrinos are not considered. In 
this paper we follow this convention, though in some papers right neutrinos are 
introduced, e.g. in [4]. 

The wave functions (1.4) and (1.5) are chiral and antichiral in the sense of the 
following equalities relating them with the components of the chirality operator H: 



£iT^??i[g]=$?i[e], 



£^?iiiuM = -^111111 M- 



(1.6) 



a=l 



Here q = e, [i, t is the generation index. The chirality operator H is an attribute of 
the Dirac bundle (see details in [1]). In physical literature (see [3] as an example), 
when the flat Minkowski space is taken for the space-time manifold M, the chirality 
operator H is represented by the Dirac matrix 7 5 



H b „ = 



1 














1 














-1 














-1 



«7°7 1 7 2 7 3 . 



(1.7) 



Other Dirac 7-matrices arc given by the following formulas (see (1.13) in [5]): 



7*° 



ll 2 



10 

1 
10 

10 

i 

-i 

-i 

1 



if 



-1 
0-10 
10 
10 

0-10 
1 
10 
0-100 



(1.8) 
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By means of the chirality operator H we define two projection operators: 

H " 0.9) 

Here id is the identity operator. Therefore, the components of the projection 
operators (1.9) are given by the formulas 

Ht = S -l±^, Hl = 5 -^1. (1.10) 

By means of (1.10) the equalities (1.6) are written as follows: 

4 4 

X)^afeM = 0, £jT-^imiM = 0- (1-11) 

a— 1 a— 1 

The indices a and b in (1.6), (1.7), (1.8), (1.9), (1-10), and (1.11) are spinor indices. 
They are associated with the Dirac bundle DM. The third index of the Dirac ma- 
trices represented by the numbers 0, 1, 2, 3 in (1.8) is a spacial index, it is associated 
with the tangent bundle TM. 

Like in the case of leptons, quark wave functions are subdivided into three gen- 
erations according to the generation table (1.2): 

V>[1], V>[2], t/>[3]. (1.12) 

However, now we use a numeric index for generations, since i/>[l] describes both an 
up-quark and a down-quark. Similarly, tp[2] describes a charm-quark together with 
a strange-quark and t/>[3] describes a top-quark together with a bottom-quark. 
Chiral and antichiral parts of the wave functions (1.12) behave differently with 
respect to the SU(2) symmetry. Chiral parts are SU(2)-doublets: 

^ ola/9 [l], tp ala0 [2], ip ala0 [3]. (1.13) 

Note that in (1.13), in contrast to (1.4), we have one more index. The additional 
index (3 = 1,2,3 is responsible for color, it describes strong interactions of quarks. 
For antichiral parts of the wave functions (1.12) the index a is omitted: 

4 ainifi M, r nn p[ci 4 alinf, [t], 

(1.14) 

<[4 <w, <[&]. 

They are SU(2)-singlcts. The wave functions (1.13) and (1.14) are chiral and an- 
tichiral in the sense of the following equalities: 

4 

Y d H h J alaP [q]=^[ql 9=1,2,3; 

a=l 

£ H b a r^[q] = -4 blll ^[q], q = u,c, t; (1.15) 

a=l 
4 

E fl 2^u[?] = -^°n[?]. g = d,« ) 6. 
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The equalities (1.15) arc analogous to (1.6). In terms of the projection operators 
introduced by the formulas (1.9) they are rewritten as 

J2H b J ala P[q] =0, J2H b J^[q] = 0, Y.Hl^iq] = 0. (1.16) 

a— 1 a— 1 a— 1 

In this form (1.16) the identities (1.15) are analogous to the identities (1.11). 

2. The Higgs field and the classical vacuum. 

The classical Higgs field if is a scalar field being SU(2)-doublet with respect to 
electro-weak bundle SUM. In a coordinate form, i. e. upon choosing some frame 
(U, *i, *a) 01 SUM and some frame (U, *i) of KM, it is represented as 

ip all \ where a = 1,2. (2.1) 

Let (U, To, Ti, T2, T3) be some frame of the tangent bundle TM and let Lf k 
be the Lie derivative along the vector field T&. Then we can define a covariant 
differentiation of the Higgs field (p through the following formula: 

2 

V fe ^ m = L-r fc (^ m ) + £ Ke V 6111 v/* 111 . (2.2) 

0=1 

Covariant differentiations for the wave functions of lcptons and quarks (1.4), (1.5), 
(1.13), and (1.14) are defined in a similar way: 



V, V'm [q] = L Tk ftfe [«])+£ A^ b M + 

b=l 

2 

E A ^ M - 3 AJ X [9] , where q = e, fi, r; 



(2.3) 



V*lfen U [g] = iT k W lim [9])+E A ^ $11111 M " 

6=1 (2.4) 

-6A fel ViiuiiM" whcre q = e,n,r; 
4 



b=l 

2 3 

+ EA^f 1 ^[ ? ]+EA^f lrf [ ? ], where q = 1,2,3; 
e=i 0=1 

Vtf 111V [9]=iT l (f im? [?]) + ^A^ 4 hniiP [q] + 

6=1 

3 

+ 4Ai 1 ^ ollll ' 9 [g]+5^A^^ llllfl [g], where q = u,c,t; 



(2.5) 



(2.6) 
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V*<[g] =Lr h (#?[?])+E A «. 

(2-7) 

-2Al 1 4^[q]+Y / A% e 4f 1 [q}, where q = d, S ,b; 

6=1 

Here and are the components of some connections associated with the 
electro- weak bundles SUM and UM, while A% g are the components of some connec- 
tion associated with the color bundle SUM. In Standard Model they are interpreted 
as the components of gauge fields. 

Apart from the gauge field connections, in (2.3), (2.4), (2.5), (2.6), and (2.7) we 
see the components A^ & of the spinor connection. These quantities are due to the 
presence of a gravitation field. Unlike A\ 1} A^ e , and A% g , the spinor connection 
components A^ b are not interpreted as gauge fields. They are uniquely determined 
by the metric tensor g in the base space-time manifold M (see [7]). 

The gauge field connections A, A, and A are related to the basic fields in UM, 
SUM, and SUM through the series of concordance conditions (see [6]): 

VD = 0, (2.8) 
VD = 0, Vd = 0, (2.9) 

VD = 0, Vd = 0. (2.10) 

In a coordinate form the concordance conditions (2.8), (2.9), (2.10) are written as 
V fc D u = L Tk (B n ) - D n A fel -BuA[ = 0, (2.11) 

2 2 

Vfc B fj = /. t (%) - £ B a] A a ki - Bra Aj. = 0, (2.12) 

a— 1 a— 1 

2 2 



Vfc ^ = L Xk (dij ) - £ d aj A% i - Kj = 0, (2.13) 

a— 1 a— 1 

3 3 

Vfc B fj = /.r (B i3 ) - £ />„, A^ - ^ B ia 0. (2.14) 

a— 1 a— 1 

3 3 
Vfc ^ijm = Lx k {dij m ) — ^ Aajm Afcj — ^ ] Aiam Afcj 
a— 1 a— 1 

3 

— ^ija Afc TO = 0. 



(2.15) 



a=l 



Apart from (2.11), (2.12), (2.13), (2.14), (2.15), the tensor fields D and B are 
related to d and d by means of the following concordance conditions (see [2]): 

2 2 

XX^",,", ~- (2-16) 

<=1 3=1 

3 3 3 

i=l 3=1 fc=l 
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Each connection produces its curvature tensor. In the case of the gauge connec- 
tions A, A, and A for the components of the curvature tensors we have 

3 

Kj y = % = L Ti (A) x ) - L r , (Ajj) - E eg A^, (2.17) 
5HS« = ir 1 (A? fc )-L Tj (AJ fc ) + 



2 3 

+ E {^Hh fe — ^jh ^ikj ~ E C iJ ^hki 

K ij = Lr i (^ jk )-L r] (A^) + 

3 3 

+ E {^ih k ~ ^jh^Hk) ~ E °ij ^hk 
h=l h=0 



(2.18) 



(2.19) 



(see [6]). Here c£j are the parameters introduced through the commutation rela- 
tionships for the frame vector fields To, Yi, Y2, T3: 

3 

[Tfi^] = E^- ( 2 - 2 °) 

fc=0 

From (2.11), (2.12), and (2.14) we derive the following identities for the curvature 
tensors introduced by the formulas (2.17), (2.18), and (2.19): 



KL+*1«=0, (2.21) 



113 
2 



E ^pij + E K> B Pk = °' ( 2 - 22 ) 

fc=i fc=i 

3 3 _ 

E S *9 + E = 0. (2.23) 

fe=l fe=l 

Similarly, from (2.13) and (2.15) for (2.18) and (2.19) we derive 
2 2 



E^^ + E^^ ' (2-24) 

fe=i fe=i 
333 

E **« + E dPkm + E W Wj = 0- (2-25) 

fe=l fe=l fe=l 

The equality (2.21) means that given by the formula (2.17) is a purely imagi- 
nary number. The equalities (2.22) and (2.23) are more complicated. They mean 
that for fixed i and j the components of the curvature tensors (2.18) and (2.19) form 
skew-Hcrmitian matrices with respect to Hcrmitian forms D and ID respectively. 

The equality (2.25) looks rather complicated. However, for each fixed i and j it 
is equivalent to the following zero trace condition for the curvature tensor (2.19): 

3 

E^ =0 - (2.26) 

fe=i 
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From (2.24) one can derive the analogous equality for (2.18): 

2 



k=l 



Unlike (2.26), in this case (2.24) is not equivalent to (2.27). Remember that in 
SUM the tensor d is used for raising and lowering indices. Let's denote 

= E dkq > *p*i = E ( 2 - 28 ) 

k=l k=l 

In terms of (2.28) the equality (2.24) is equivalent to the symmetry conditions 

The curvature tensors (2.17), (2.18), (2.19) are physical fields associated with 
the gauge fields A, A and A. There are the following identities for them: 



B 11 B n 9t Uj 9\{ mn - -ftiy- ^imn. (2.29) 

EEEE ^ b pp Ki <^ = -EE ( 2 - 3 °) 

p—l p—l q—1 q—1 p—l q—1 

EEEE ® qq = -E E (2.3i) 

p—l p—l g— 1 q — 1 P—l 9—1 

By D 11 in (2.29) we denote the component of the inverse Hermitian metric tensor 
of the bundle UM. It is related to Bn by means of the formula 

D 11 = —. (2.32) 

Similarly, by B qq and B qq in (2.30) and (2.31) we denote the components of the 
inverse Hermitian metric tensors in SUM and SUM. They form two matrices 
inverse to the matrices B p p and B pp respectively: 

2 2 

E B pp B* = S q , E B pp m = 6 l ( 2 - 33 ) 

p—l p—l 

3 3 

E b pp b* = s«, E pp BPq = 4> ( 2 - 34 ) 

p—l p—l 

The formula (2.29) follows immediately from (2.21) and (2.32). The formula (2.30) 
is derived from (2.22) with the use of the formulas (2.33). Similarly, the formula 
(2.31) is derived from (2.23) with the use of the formulas (2.34). 

Definition 2.1. The electro-weak and color bundles UM, SUM, and SUM are 
called flat if there are three flat connections A, A, and A in these bundles, i. c. 
three connections with zero curvature tensors (2.17), (2.18), and (2.19). 
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The connections A, A, and A in the above definition 2.1 are assumed to be 
concordant with the basic fields D, D, E), d, and d of the electro-weak and color 
bundles. Therefore, the flatness condition 

01 = (2.35) 

written for their curvature tensors (2.17), (2.18), and (2.19) is an additional con- 
dition complementary to (2.8), (2.9), and (2.10). Below we implicitly assume that 
the bundles UM, SUM, and SUM are flat in the sense of the definition 2.1. 

Definition 2.2. The components of the flat connections A, A, and A constitute a 
classical vacuum of bosonic gauge fields of the Standard Model. 

The existence of a classical gauge vacuum is provided by the definition 2.1. The 
problem of uniqueness of such a vacuum in the case of flat bundles as well as the 
possibility of non-flat vacua should be studied in separate papers. 

From now on let's assume that some flat electro-weak and color bundles UM, 
SUM, and SUM are chosen and some flat gauge vacuum of them is fixed. Then 
for general non-vacuum gauge fields we write 

Here e is the charge of an electron 1 , c is the light speed, and h is the Planck constant. 
Below are the numeric values of these foundamental constants: 

e ps 4.80420440 ■ 10" 10 g 1/2 • cm 3 ' 2 ■ sec~\ 

h ps 1.05457168 • 10~ 27 g ■ cm 2 ■ sec' 1 , (2.39) 
c ps 2.99792458 • 10 10 cm ■ seer 1 . 

By gi, 52, and 53 in (2.36), (2.37), and (2.38) we denote some numeric constants 
which are called the coupling constants. Their values are determined a posteriori 
by comparing the Standard Model predictions with experimental data. 

Unlike A^g, A^g, and A^, the quantities A% , A% p , and A% 3 in (2.36), (2.37), 
and (2.38) are the components of tensor fields. We denote these tensor fields by 
A, A, and A respectively. Since 5H[vac] = 0, substituting (2.36), (2.37), and (2.38) 
into (2.17), (2.18), and (2.19) respectively, we derive 

^=-^( V ^- V ^') (2 - 40) 
K l3 = (VMJ* - V, A* k ) £ (^)\A* h A) k - A* h A h ik ) , (2.41) 

h=l 

1 Note that e in (2.36), (2.37), and (2.38) is a positive quantity, therefore, it is better to say 
that e is the charge of a positron. The numeric values (2.39) of the physical constants e, h, and c 
are taken from the NIST site http://physics.nist.gov/cuu/Constants. The value of e there is given 
in SI units. It is converted to CGS units by means of the NIST value of £q. 



H c 
ie-92 

he 
ieg 3 



A a 



(2.36) 
(2.37) 
(2.38) 



kt i he 
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< ^ = - — (V* A% - V, A* k ) - £ (^) 2 ,1% ,1%,^). (2.42) 



Here and Vj are vacuum covariant derivatives, i. e. they are calculated with 
respect to the vacuum electro- weak and color connections. In deriving (2.40), (2.41), 
and (2.42) from (2.17), (2.18), and (2.19) we used the following equality for the 
components of the Levi-Civita connection: 

r ij- r %= c iJ- ( 2 - 43 ) 

The equality (2.43) means that T^ - are the components of a torsion-free (symmetric) 
connection (see (2.8) in [6]). The quantities c/- are introduced by the formula (2.20). 

Relying upon the formulas (2.40), (2.41), and (2.42), now we introduce three 
tensor fields f, -F, and f with the following components: 

J-, Y,A ]: V ; .4;,. (2.44) 
f&i = W jk - V, A' ih - £ (*% h A) k -A%Al k ), (2.45) 



h=l 



/i=i 

Due to (2.44), (2.45), and (2.46) the formulas (2.40), (2.41), (2.42) are written as 
fRi - legi gr r«P _ _^92 i-p top _ ^ e g 3 p 

The concordance conditions (2.8), (2.9), and (2.10) should be fulfilled for both 
vacuum and non-vacuum connections in (2.36), (2.37), and (2.38). Therefore, from 
the formulas (2.11), (2.12), and (2.13) wc derive 

<=IL, (2.48) 

2 2 

( 2 - 49 ) 

a— 1 a— 1 

2 2 

J^A a ki d aj =J2A a kj d ai , (2.50) 

a— 1 a— 1 

Similarly, from the formulas (2.14) and (2.15) we derive 

3 3 

a— 1 a— 1 

3 3 3 

^ 4jm + rfiam + rftfa A%m = ^ (2.52) 

a— 1 a— 1 a— 1 

Now let's substitute (2.47) into (2.21), (2.22), (2.23), (2.24), and (2.25). As a result 
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we get a series of formulas similar to (2.48), (2.49), (2.50), (2.51), and (2.52): 

= (2.53) 



2 



E^, 7 ^ E^VV" ( 2 - 54 ) 

k=l fe=l 
3 3 

'>>■■! EOv ( 2 - 55 ) 

fe=i fe=i 

2 2 

^ ] 3~pij ^kq = ^ ] &~ q ij dkp, 
fe=l fe=l 

3 3 3 

^ ' dkqm 3~pij + ^ ] dpkm ^~qij + ^ ] ^pgfc ^"gij = 0- 
fc=l fc=l fe=l 

Substituting (2.47) into (2.29), (2.30), and (2.31), we derive the following identities: 
D 11 Bu Fij !F mn = f^ij F mn , (2.56) 

2 2 2 2 2 2 

E E E E ^ B pp ^ mn = E E ^gij ^pv ' ( 2 - 57 ) 

p— 1 p— 1 g— 1 g— 1 p— 1 q— 1 

EEEE /v, >;/;, ^1 EE ■ ( 2 - 58 ) 

p— 1 p— 1 q— 1 q— 1 p— 1 g— 1 

The identities (2.56), (2.57), (2.58) can be derived directly from (2.53), (2.54), 
(2.55) with the use of the formulas (2.32), (2.33), and (2.34). 

Let's denote by L\ = £i(-F), £2 = ^(f), and £3 = /13(f) the kinetic terms of 
the gauge fields in the action integral of the Standard Model: 

3 3 



Cl = -ltr c j E-E ^ 9 ]n dV, (2.59) 

= -32^ / E E E E .9"" ^ dV, (2.60) 

p— 1 q—1 i,j.m,n—0 

£3 = / EE EE .9"" ^- 

p— 1 q— 1 i,j,m,n-0 

Here is the 4-dimensional volume element in the base space-time manifold M: 



dV = V-dctg d 4 x = v/-dctg d.T°A dx 1 A gLt 2 A dx 3 . (2.62) 

Due to the identities (2.56), (2.57), (2.58) the integrals (2.59), (2.60), and (2.61) 
are real numbers. The coefficients preceding these integrals in (2.59), (2.60), and 
(2.61) are chosen by analogy to the Electrodynamics (see [8]). 
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Definition 2.3. A Higgs field (2.1) is called a flat classical Higgs vacuum if 

2 2 

Y Y B ™ Dl1 Dl1 Dl1 V al11 = const ' V fc (^ Qlll =0, (2.63) 

a — 1 a—1 

where the covariant derivatives Vk (see (2.2)) are determined by the flat connections 
forming a classical vacuum of gauge fields in the sense of the definition 2.2. 

Due to (2.8) and (2.9) the conditions (2.63) are consistent with each other. Note 
that the Higgs field ip a111 has neither spinor nor tensorial indices associated with 
the tangent bundle TM. It is a scalar field with respect to Lorentz transformations. 
For this reason the flatness condition (2.35) fulfilled for the vacuum gauge fields 
guarantees the existence of local nonzero Higgs vacua. As for a global nonzero 
Higgs vacuum, its existence depends on the topology of the base manifold M and 
the electro-weak bundles UM and SUM over this base. Below we implicitly assume 
that at least one nonzero classical Higgs vacuum does exist. We denote it by <£>[vac]. 

For any given Higgs field (2.1) we denote by |<p| 2 the left hand side of the first 
formula (2.63) in the above definition 2.3: 

2 2 

ivi 2 = Y E B <** D ^ D ^ s " ^ Qlu ^ 5nr - ( 2 - 64 ) 

a—1 a—1 

In terms of (2.64) the potential of the Higgs field is written as 

V{ip)=\\ip\*-tf\<p\ 2 (2.65) 

(see [3]). Here A and \i are two constants. They are parameters of the Standard 
Model. By analogy to (2.64) we denote by |Vy>| 2 the following expression: 

3 3 2 2 

|Vcp| 2 = Y E E E 9 ij Baa D n B u Bu Vi ^ Ql11 V, <p &in . (2.66) 

i— j—0 a—1 a—1 

The expressions (2.65) and (2.66) determine the potential and kinetic terms for the 
Higgs field in the action integral of the Standard Model: 

U = -^- [\V<p\ 2 dV, (2.67) 

C 5 = -^ Jv(<p)dV. (2.68) 

Here |V<p| 2 and V(tp) are given by the formulas (2.66) and (2.65), while dV is 
the 4-dimcnsional volume clement given by the formula (2.62). Like A amd /i, the 
constant m v is a parameter of the Standard Model, it is interpreted as the mass of 
the Higgs field. Let's take the restricted action 



Cfp — £4 + £5. 



(2.69) 
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The externum of the restricted action (2.69) is determined by the following Klcin- 
Gordon-Fock type equation for the scalar Higgs field tp: 



2 m x c 



J2 £ & ViV,- + H££ (2 a I v\ 2 - m 2 ) v ani = o. 



i=0 j=0 

The equation (2.70) has the trivial symmetric solution 

if = 0. 



(2.70) 



(2.71) 



However, apart from this trivial solution (2.71), we shall consider a nontrivial global 
solution described by the above definition 2.3: 



if = ip[vac\. 



(2.72) 



Its existence is an assumption of the Standard Model when it is implemented on 
a non-flat space-time manifold M in General Relativity. Applying (2.63) to the 
equation (2.70), for the nontrivial Higgs vacuum we find 



|v?[?mc]| 2 = ^— = const . 
2 A 



(2.73) 



The constant (2.73) is denoted be v 2 /2. Then we can express A through \i and v. 



\f[vac}\' 



A = 



(2.74) 



Having defined the gauge and Higgs vacuum fields, now we proceed to other 
matter fields, i. e. to leptons and quarks. Vacuum values of their fields are trivial: 



■0[e][i>ac] = 0, 
*/>[!] [vac] = 0, 



i/>\jj][vac] = 0, 
V>[2][uac] = 0, 



*/>[r][i;ac] = 0, 
V>[3][vac] = 



(2.75) 
(2.76) 



(compare (2.75) and (2.76) with (1.3) and (1.12)). The formulas (2.75) and (2.76) 
mean that both chiral and antichiral components of vacuum fields (1.4), (1.5), 
(1.13), and (1.14) are zero. 

Gauge transformations 
and perturbations of the hlggs vacuum. 

Unlike the trivial Higgs vacuum (2.71), a nontrivial vacuum (2.72) is not unique. 
Applying some gauge transformation to a given one, we can get another nontrivial 
Higgs vacuum equivalent to it. Assume that some orthonormal frame (U, ^2) 
of the bundle SUM is fixed (see definition in [2]). Then the basic fields of this 
bundle D and d are given by the following constant matrices: 



1 








1 



1 

-1 



(3.1) 
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The concordance conditions (2.12) and (2.13) written for (3.1) then mean that for 
each fixed k the connection components A^- form a matrix from the Lie algebra 
su(2) of the special unitary group SU(2). This fact reflects the SU(2) symmetry of 
the Standard Model. Now assume that fig (p) is a matrix- valued smooth function 
with the argument p £ M and with values fig (p) € SU(2). Let's denote [fl~ 1 (p)]^ 
the components of the inverse matrix for fi^ (p) . Then for each fixed k the following 
quantities form a matrix from the Lie algebra su(2): 



^EW^GOM^Cp)]*- (3-2) 

8=1 

The SU(2) gauge transformation for the Higgs field ip is given by the formulas 

2 

,„<*iii , >. no ,„/9ni /Q Q\ 

tp i — >2_,ilp(p p , (3.3) 

0=1 

2 2 
s=l 6=1 

where is expressed through fig according to the formula (3.2). Using (3.3) and 
(3.4) and taking into account (3.2), we derive 

2 

V fc ^ m ^^^V fc ^ m , (3.5) 

0=1 
2 

ViVj <£ a111 ' — ► E n P ViV -? V alU - (3.6) 

/3=1 

Due to (3.5) and (3.6), applying a gauge transformation (3.3) to some solution 
of the equation (2.70), we get a solution of the similar equation with respect to 
the transformed connection (3.4). It is important to note that the initial and 
transformed connections in (3.4) have the equivalent curvature tensors, i. e. we can 
complement the formulas (3.3) and (3.4) with the formula 

Kij — E E n riP) Kij P-'Wl (3.7) 
r— 1 s— 1 

Due to the formula (3.7), if the initial gauge vacuum in (2.37) is flat, then the 
transformed gauge vacuum obtained by means of the formula (3.4) is also flat. 

Now let's consider a perturbation of the Higgs vacuum <p[vac\. It is a tensorial 
field <p associated with the bundles UM and SUM of the same type as (p[vac}: 

(p ain = (p ain [vac]+^ aU1 . (3.8) 



Note that \<p\ ^ 0. The perturbation £ in (3.8) is assumed to be sufficiently small 
so that \ip\ 7^ 0. By analogy to (2.74) we denote 
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Due to (3.9) we can construct two tensor fields 

\/2ip[vac] V%<P 



(3.10) 



and for each point p G M treat their values as two vectors of the unit length in a 
two-dimensional Hermitian vector space (the Hermitian form of this space is given 
by the formula (2.64)). 

Lemma 3.1. For any two vectors v and v of the unit length in a Hermitian space 
of the dimension 2 or higher there is a unitary operator f2 with the unit determinant 
dct f2 = 1 such that v = fi(v). 

This lemma is a rather simple fact from the linear algebra. Its proof is left to the 
reader. Applying this lemma to the vectors (3.10), we find that there is a special 
unitary matrix f2 € SU(2) and a gauge transformation (3.3) such that 

v 

(p[vac\ i — > — (p. (3-11) 

v 

The formula (3.11) means that each sufficiently small perturbation of the Higgs 
vacuum is decomposed into elongation and rotation parts and the rotation part 
is gauge equivalent to the initial vacuum. For this reason only elongation type 
perturbations of the Higgs vacuum are considered in the Standard Model (see [3]): 

if = (p\vac] H — (plvacl. (3-12) 

v 

Here x is a real scalar field. It is also called the Higgs field. This terminology makes 
no confusion since both Higgs fields arc closely related through the formula (3.12). 

4. Symmetry breaking 
and boson fields recalculation. 

From now on assume that some nontrivial Higgs vacuum is fixed. On fixing it 
we say that the initial SU(2) x U(l) symmetry is broken. However, some definite 
amount of this symmetry remains unbroken. Remember that = with respect 
to the vacuum connections in (2.36) and (2.37). Let's study those gauge fields A 
and A in (2.36) and (2.37) that preserve this equality: 

Since ip al11 [vac] = 0, the equality (4.1) reduces to a non-differential equality: 
I g 2 Ate <P eiU [vac] + 3 g x A' kl <p a111 [vac] = 0. (4.2) 



2 

£< 

8=1 



This equality (4.2) here should be treated as a complement to the concordance 
conditions (2.48), (2.49), and (2.50). In order to solve the total set of the equations 
(4.2), (2.48), (2.49), (2.50) we introduce a projector P[wac] with the components: 

2 

oi9r 1 Dll Dn D\i alllr 7 flilir , fA o\ 

p a[vac] = y j— — 2 <p [vac\ip p [vac]. 4.3 

\<p[vac]\ 2 
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The projection operator with the components (4.3) is an orthogonal projector since 
it is a Hermitian operator in the sense of the following equality: 



2 

®a] P? [vac] = ®™ P fl vac }- ( 4 - 4 ) 



Now, in addition to y[wac], we introduce another field </>[wac] derived from it. This 
field can also be called the Higgs vacuum field: 



cf>? n [vac] ^J2J2 daPB ^ D ^ DllDl1 V 13111 [vac] . (4.5) 

/3=1/3=1 

The modulus of the field (4.5) is determined by the formula similar to (2.64): 

2 2 

l^l 2 = EE^ V 11 B 11 D 11 #" u < n . (4.6) 

a — 1 a— 1 

Using (2.16), (2.32), and (2.33), from (2.64), (2.73), and (4.6) one easily derives 

v 2 

\cj)[vac]\ 2 = |y[uac]| 2 = — = const. (4.7) 

Due to (4.7), using <fi[vac], one can define another projection operator Q[uac]: 

2 B D 11 D 11 D 11 

vac] = ]T aa ^ vnr]{2 Vulvae] ^[vac]. (4.8) 



5=1 



Like the projector P[wac] with the components (4.3), the projector Q[wac] witn the 
components (4.8) is an orthogonal projector. This fact is expressed by the equality 



2 

®a] Qi [vac] = B*-a Qpac]. (4.9) 



5=1 



It easy to see that tne equality (4.9) is analogous to (4.4). 

Two Higgs fields 0[uac] and ^[uac] are perpendicular to each other in the sense 
of the following equality reflecting the Hermitian forms in (2.64) and (4.6): 



2 2 



a—1 a — 1 

Due (4.10) the projectors P[wac] and Q[i>ac] are complementary to each other: 

P[vac] + Q [vac] = id. (4.11) 
In a coordinate form the operator equality (4.11) looks like 

P%[vac]+Qi[vac] = 5l (4.12) 
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Apart from (4.11) and (4.12), there are some other consequences of the orthog- 
onality condition (4.10). Though 0[uac] and y[wac] are two tensorial fields of the 
different types, due to (4.7) and (4.10) one can treat them as a kind of orthogonal 
frame in the two-dimensional complex bundle SUM . Relying upon this interpreta- 
tion of </>[wac] and tp [vac], we introduce two tensor fields W[y and W[</>^(/j]: 

2 

= I,„r.,„,.1l2 f W ^111 w. 

2 " Oil 77)11 77)11 



^ I^WI 2 (4.14) 
It easy to derive the following identities for the tensor fields (4.13) and (4.14): 

2 

E^mmbM WyuimfaM = 0: ( 4 - 15 ) 

2 

E W£ U1U1 [^v] Wf 11111 ^] = 0, (4.16) 

ct=l 

E^imii^M W? limi feM =Q^[«ac], (4.17) 

Q = l 

2 

£wf uni [<t>*<p]W? unu [<p>4>] =PP[vac}. (4.18) 

a=l 

In a coordinate-free form the identties (4.15), (4.16), (4.17), (4.18) are written as 

W[(^0] 2 = O, W[(p><l>]oW[<l»tp]=Q[vac], (4.19) 

W[0^ (/3 ] 2 =O, W[^rf»W[^^] = P[vac]. (4.20) 

In addition to (4.19) and (4.20), we have 

W[<p>4>]°P[vac]=W[<p>4>], W^^oQ [vac] = 0, (4.21) 

Q[vac]oW[<pP-<f>]=W[<pP-<t>], P[uac]=W[<^0] = 0, (4.22) 

W[<f»<p]»Q[vac] = W[<l»<p], W[4»<p]oP[vac] = 0, (4.23) 

P[vac]*Vf[<f»<p]=W[<f»(p], Q[vac]oW[(j) + cp}=0. (4.24) 

Let A - g--- be the components of some arbitrary tensorial field A with at least 
one upper index and at least one lower index associated with the two-dimensional 
bundle SUM. By dots we denote other indices of A that could be present. In this 
case we have the following expansion for the tensor field A: 

A:±:. = KZ ■ P%[vac] + Azz ■ Q^'yac + 

+ wz nnil .r • w^miiibM + w UAYn z. • w* u,m ;o»*>\ 
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The expansion (4.25) is derived with the use of the formula (4.11) and the above 
identities (4.21), (4.22), (4.23), (4.24). Let's apply this expansion to the components 
of the tensor A in (2.37). As a result we get 



AL=*i-P?[vac] + A- k .Qi 



vac\ 



(4.26) 

+ W £ inni • W& lim bM + WWm • 1 mi [4»<p]. 

Here A k and A k are the components of two fields which are SU(2)-singlets. Ap- 
plying (2.49) and (2.50) to (4.26), we find that 

4t=3£ ^=Ai, A k =-A+ k . (4.27) 

In other words A k and A k are the components of two mutually opposite covectorial 
fields. The index k in (4.26) and (4.27) is a spatial index associated with the tangent 
bundle TM. In physical literature the following notation is a tradition (see [3]): 

K = -Al A- k =A 3 k , Al = Aj. (4.28) 

The number 3 in (4.28) is not a tensorial index. In [3] and in many other books 
and papers it is set because A k first appear as coefficients of the third Pauli matrix 



c 3 



1 

-1 



For W+ 111111 and W knnn in (4.26) from (2.49) we derive 



WWn = Dn D U D u D n D n D u W+ lum , 
w +nun = D n D n D n D n D u D n W - innv 

The index k in (4.29) is associated with the tangent bundle TM. For this reason 
W^ 111111 and Wfcium are the components of two covectorial fields W + and W~. 
These fields correspond to VF-bosons. They are scalar fields with respect to the 
bundle SUM, i. e. they are SU(2)-singlets, but they are not scalar with respect to 
the one-dimensional bundle UM. 

Thus the relationships (2.49) and (2.50) are resolved to (4.28) and (4.29). Let's 
apply (4.26) to (4.2). As a result, taking into account (4.28) and (4.29), we get 

o o (4-30) 

a+ _ 6 9i ,i ,_ _ 3,9i x 

5i 5i 

The formulas (4.30) show that there is a special combination of the gauge fields 
A and A which, upon substituting into (2.36) and (2.37), preserves the classical 
Higgs vacuum. The gauge field A is expressed through the gauge field A in this 
combination. In other words this fact means that the 4-dimcnsional gauge sym- 
metry U(2) x U(l) reduces to 1-dimensional gauge symmetry U(l). However, this 
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new U(l) symmetry does not coincide with the initial U(l) symmetry being a com- 
ponent in the direct product SU(2) x U(l). This residual U(l) symmetry in the 
electro-weak bundles SUM and UM is interpreted as a U(l) symmetry of the elec- 
tromagnetism. In order to reveal this hidden U(l) cm symmetry the following two 
real fields A and Z are introduced in addition to W+ and W : 

Z k = -^Al + 3 9l Aj = 3^+^ 

V(92) 2 + (5gi) 2 V(.92) 2 + (3 5 i) 2 

The relationships (4.30) now mean that (4.2) is fulfilled provided 

W+ = 0, W" = 0, Z = 0. (4.32) 

The condition A = is absent in (4.32) because the classical Higgs vacuum (p[vac\ 
is invariant with respect to purely electromagnetic gauge transformations. 

Using the relationships (4.31), we can express A| and Aj, x through A k and Z k . 
For the component of the gauge field A we derive: 

Al = 9 2A k +3 gi Z k 

V(92) 2 + (3 9l y 

In a similar way, from (4.31) for A^ we derive 

Al = 3 9iA k -g 2 Z k 

Then we substitute (4.34) back into (4.28) and (4.26). As a result we get 

Visa) + {3gi) 2 , A35 s 

+ w+ 1U111 ■ w^ linll [^<f>] + w k - nilll ■ w2 lllin [<i»<p]. 

The next step is to substitute (4.35) into (2.45). We do it in several substcps: 



£ *> h A 1 ], A; A; -6;; ■ (A? IF/ 111111 - A* W^ 111111 ) ■ 

h=l 

•WjmiiifoM] + ^^min-^^inm)-^ 111111 ^^^ (4-36) 
+ FF+ 111111 W- lllllx ■ Q>[vac] + FF+ 111111 Wr nnn ■ pv[vac). 
From (4.36) by means of alternation we immediately derive 



£ {fi h A h jg -A* h A h iq )=2(A* WJ^ A) Wt 11111 ) ■ 

h=l 

Kiuiu[<P + <f>} +2(4^11111 -AtW jlinll )-Wt nin [<t»<p)+ (4.37) 
+ (FF+ 111111 W- 11U11 - VF/ 111111 Wr lluu ) • (Qr[vac] - P?[vac]) . 
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For the differential part of the tensor -F in the formula (2.45) we get 

QP[vac]- PP[vac] . 

v - A - - v ' A " = iwww ■ <3si <V - Ai - Vi At) ~ 

- .92 (V<Z,- - VjZi)) + (V^ 111111 - V,- ■ (4.38) 

• W&imifaM + (ViW7 ullll - Vermin) • Wf lllll [^ 9 ). 
Now let's introduce the following notations analogous to (2.44): 

F tJ = ViAj - , Z,, = V,Z, - V, ■/., . (4.39) 

In the case of the fields W + and W we need more complicated notations: 

w+ llim = w; 111111 - v^ +mui - 

_ 6^i ^ ^+111111 _ A ^ ^iiini) _ 

Wymm = Wr lum - Vj^ium + 

6ieoi (4-41) 
+ (Ai W7mui - A]i WTunii) • 

Here and j4j x are determined by the formula (4.33). Now we need to apply 
(4.39), (4.40), and (4.41) to (4.38), and combine (4.38) with (4.37) according to the 
formula (2.45). As a result we obtain 

= [Q P a[vac] - PP[vac}) ■ ( 3 gl ^~ g2 ^ - 
V 9 9 ^ Vv / (.92) 2 + (3 5 i) 2 

^ c I"; "iiiim "j "iiimij I ' 



2 

X 



(4.42) 



x (Z ( W 3 +111111 -Z J M/ ? +lllln ) 



+ 11111 [</>M' W f 



2*eV(g 2 ) 2 + (3 5l ) 2 



linn, 



x 



Thus, in (4.42) we have expressed the field -F through the fields W + , W~, and 
Z corresponding to W and Z-bosons of the Standard Model and through the field 
A which is interpreted as the 4-dimensional vector-potential of the electromagnetic 
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field. Our next goal is to express f through Z and A using the formulas (4.33) and 
(2.44). Substituting (4.33) into (2.44) and taking into account (4.39), we derive 



V / (.92) 2 + (3.9i) 2 



Then we substitute (4.43) and (4.42) into (2.59) and (2.60) respectively. As a result 
for the sum of two integrals (2.59) and (2.60) we get 

A + £ 2 = £ u + £ 12 + £ 21 + C 22 + C 23 + C 2i + C 25 + £ 26 , (4.44) 

where Cn and £12 are standard kinetic terms for two real vector fields A and Z: 

3 3 

3 3 

£ 12 = -^-/£5>,Z*W. (4.46) 

The term £21 in (4.44) is a standard kinetic term for two mutually conjugate 
complex vector fields W+ and W (see (4.29)): 

^=-I^/EE W 5 mm W mm dV. (4.47) 

The term £22 is a purely potential term responsible for the self-action of VF-bosons: 
(^1\ 2 3 3 

C 22 = -±fd_ [ EE^ +lllm ^nm 1 ^ lllm ^ m ^ + 

(4.48) 

■ / E E W t 111U1 W +innn Wf nnn W{Aui ^ 

J i=0 j=0 

The term £23 is a mixed term responsible the interaction of T^-bosons and photons: 

3»eg 2 gi 3 3 

^ = J, ,2 /EE ^ +linn ^ (4-49) 

VI92) 2 + (3gi) 2 7 l=0j=0 

The term £24 is a mixed term responsible the interaction of W and Z-bosons: 

Mff 2 ) 2 



8ttc 



_ 8n ht 

--24 



3 3 



/EE ^ ^ +U1U1 *Wn dV - (4-50) 



2__0 j = 
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The term £25 is a potential term responsible for the interaction of W and Z-bosons: 

EE 

i=0 j=o 



^ - e ((g2 2 L + 2 ( C 3 gl) } /EE** ^ mm - 

(4.51) 



27rfi 2 c 3 

The term £26 is a mixed term responsible the interaction of W and Z-bosons: 



, rr 



An he 2 



i=0 j=o 



The terms (4.49), (4.50), (4.51), and (4.52) are cubic with respect to fields. The 
terms (4.48) is the fourth order term. None of these terms can be treated as a mass 
term corresponding to the kinetic terms (4.45), (4.46), or (4.46). 

5. Masses of boson fields. 

In order to find the massive terms corresponding to the kinetic terms (4.45), 
(4.46), and (4.47) we consider again the elongation type perturbation of the Higgs 
vacuum (3.12). In a coordinate form it is given by the formula 

am = ^mr i + X v ^M V ac}. (5.1) 

V 

Having non- vacuum Higgs field (5.1), we should apply non- vacuum covariant dif- 
ferentiation to it in (2.67), i.e. we should use non-vacuum connections (2.36) and 
(2.37) instead of purely vacuum ones. Then we get 



(5.2) 



x ( 1 + * W ^V">ac] 



Note that Vfc in the left hand side of (5.2) is a non-vacuum nabla, while V&X is a 
vacuum covariant derivative applied to the real scalar Higgs field x- Let's apply 
(4.26) to A^g in (5.2). As a result we derive 

alll _ le A+ , . Jll \/i , X\,„allU vu 

(5.3) 



V fe ^ Ql11 = -j- (g 2 At + 3 9l Al 1 ) (l + J) <p alli [vac] 



— 92 W fc +1U1U (l + Z) tfnivac] + ^ <p°**[vac] 
he V v 



22 R. A. SHARIPOV 

Now remember the formulas (4.28) and (4.31). Then (5.3) is rewritten as 
V fcV >« lu = V(32) 2 + (3 5l ) 2 Z k (l + J) ^ n >ac]- 

92 Wt 1UU (l + ffi,H + ^ ^ m [«ac]. 

Let's substitute (5.4) into the formula (2.66) and take into account (4.7) and the 
orthogonality condition (4.10). This yields 



|v , 2 e 2 ((g 2 ) 2 + (3 gi ) 2 ) (y + x)^ ^ 



h 2 c 2 2 
e 2 (ff 2 ) 2 (v + x) 2 



i=0 



(5.5) 



l^r yu Y7 , e/(g 2 r (v + x) w +uiiii w -j 
+ 2 V?X VjX +_ ?^ 2 2^ W i W lnlll . 

i=0 j=0 i=0 

The next step is to substitute (5.1) into (2.64). As a result we get 

\rf = ^. (5.6) 

Then we substitute (5.6) into (2.65) and derive 

■it i v . (« + x) 4 2 (v + x) 2 f , 7 , 
V((f) = \ ~ A /x g • (5.7) 

It is clear that V(ip) in (5.7) is a fourth order polynomial with respect to x : 
^) = ^X 4 + A«x 3 +(^> 2 -^) X 2 + 



Due to the second equality (2.74) the term linear in x in the above polynomial (5.8) 
does vanish. The polynomial V(ip) simplifies to 

n<P)-^X 4 + A«x 3 + M 2 X 2 -^ 2 . (5.9) 
Before substituting (5.5) and (5.9) into (2.67) and (2.68), let's denote 

m x = 2 m v . (5.10) 
Then, substituting (5.5) and (5.9) into (2.67) and (2.68) and using (5.10), we get 
£ 4 + C 5 = Ui + Ui + £43 + A 4 + £45 + £51 + £52 + £53. (5.11) 
The terms £41 and £51 in the sum (5.11) are the kinetic term and the mass term 
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of the real scalar Higgs field x respectively. They are given by the formulas 

-,:» r 3 3 
r. I 

i=0 j=o 



£il= 2&~c /EE^V.xV.x^, (5.12) 



C 51 = -^f j X 2 dV. (5.13) 

In order to fit (5.12) and (5.13) the parameter /i in (5.9) should be chosen so that 

Li 2 = 2. 

The term £42 in (5.11) is the mass term corresponding to the kinetic term (4.46): 
Comparing (5.14) and (5.5), we derive the formula for the mass of Z-bosons: 



4, ((^ + (3^) evH_ 



The term £43 in (5.11) is the mass term corresponding to the kinetic term (4.47): 

^ - c £§ I E n 111111 wtfmi dv. (5.16) 

J 1=0 

Comparing (5.16) and (5.5), we derive the formula for the mass of VK-bosons: 



/47r( ff2 ) 2 evh 
m w = \ 5-- (5.17) 



The term £44 in (5.11) describes the interaction of Z-bosons with the real scalar 
Higgs field. It is represented by the following two integrals: 



i=0 



In a similar way, the term £45 in the sum (5.11) describes the interaction of W- 
bosons with the real scalar Higgs field \'- 



^-£|/i:^ +mm « / n U11 ^ 

l cm w f 2 W +nnn w -i dv 
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The term £52 in the sum (5.11) describes the self-action of the Higgs field: 

Aa = / X 3 - *K I X 4 dV. (5.20) 



2v J 2v 
The last term £53 in the sum (5.11) is a constant term: 

C 53 = ^JdV. (5.21) 

Usually constant terms like (5.21) are omitted. However, we prefer to keep it in 
(5.11), since in a non-flat space-time manifold M it can contribute to the cosmo- 
logical constant A (see [8]). 

Unlike the sum (4.44), the interaction and self-action terms (5.18), (5.19), and 
(5.20) in the sum (5.11) are purely potential terms. They do not comprise the 
covariant derivatives of the fields Z, W + , W~, and x- 

6. The lepton masses. 

Having derived the formulas (5.15) and (5.17) for the masses of Z and Vl^-bosons, 
now we return back to the leptons represented in the table (1.1). The kinetic term 
for leptons in the total action of the Standard Model is written as follows: 



a = ^/e EEEEEE^ 11 ^ 11 

i—e,fi,r a—1 a—1 b—1 q—Q a — 1 a—1 



X B a& ^ [i] D aa % q [*] dV + 

+ «*/ E EEEEEE^ 11 ^ 11 



(6.1) 



i=e,fi,T a—1 a—1 b—1 q—0 a—1 a — 1 



Mass terms corresponding to (6.1) should yield masses for the electron, muon, and 
tauon, but their neutrinos should remain massless. For this reason mass terms for 
leptons are introduced through the interaction with the Higgs field: 

4 4 2 2 



^-E^/EEEE^ 11 ^ 11 

a—1 a—1 a—1 a—1 



e^/eeee^^^x 



(6.2) 



i—e,fi,T a—1 a—1 a—1 a — 1 



x B a& D a - a Vffiti] ^ in VmiiiW^ 
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Note that in (6.1) and (6.2) we used both doublet and singlet wave functions (1.4) 
and (1.5). By h[i) in (6.2) we denote three real constants h[e], h[fj], h[r] specific for 
each lepton generation. 

Now remember the projection operators P and Q introduced by the formulas 
(4.3) and (4.8). Applying them to doublet parts of lepton wave functions and taking 
into account the equality (4.12), we get the expansion 

feM = *WM • + H\ • (6-3) 

• o 

Note that V'limiH m (6-3) arc similar to V'liiinH m (6-1) and (6.2). These 
functions are chiral and antichiral parts of the complete wave functions: 

tfimiiM =^'miuW + ifeiin W- (6-4) 

The singlet wave functions with the components (6.4) describe charged leptons: an 
electron for i = e, a muon for i = /i, and a tauon for i = r. 

The quantities ip a [i] are the components of other three singlet wave functions. 
They describe neutral leptons: a e-neutrino for i = e, a /i-neutrino for i = fj,, and 
a r-neutrino for i = r. These wave functions are chiral because antichiral (right) 
neutrinos are not considered in the Standard Model. 

A remark. Charged leptons are distinguished from their neutral counterparts 
due to the nontrivial Higgs vacuum that breaks the initial SU(2) x U(l) symmetry. 

The covariant derivatives V g in (6.1) are complete non-vacuum covariant deriva- 
tives. They are evaluated according to the formulas (2.3) and (2.4), where the 
electro- weak connection components are taken from (2.36) and (2.37) including the 
components of the gauge fields A and A. Passing from non-vacuum to vacuum 
covariant derivatives in the formulas (2.3) and (2.4), we get 



(6-5) 



V^timiH V^UiW + ^i^x AimW. (6.6) 

Before substituting (6.5) and (6.6) back into (6.1) let's apply (4.35) and (6.3) to 
(6.5). As a result we get the following expression: 

_ i e 52 ( 3gi A g -g 2 Z g / - 6 0f n [wc] _ - 6 

W(ff 2 ) 2 + (3ffi) 2 V W * U1UlW 

— - — I + yillllll* TT7 TT + ^gllllll x 
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• 6 <p alll [vac} \ 3ie gi g 2 A q +3 gi Z q y 
J he v /(g 2 ) 2 + (3 5l ) 2 

In deriving the above expression for VgVmM we use d t ne formula (4.33) for A\ 
and the formula (4.35) for A" g . Recollecting terms in it, we get 



^ c V(52) 2 + (3 5 i) 2 



3zegi g 2 A g + 3giZ g ; b teg 2 « 6 A 

V(g 2 ) 2 + (3 gl ) 2 ^ 1U1U[ ] " ^ glU1U * W J' 

^>«c] + f v ^ H _ jfga 3 g! ^ - g 2 Z q . ^ 3^ x 
I^M ^ ?r frc v/( ff2 ) 2 + (3 5l ) 2 



V / (.92) 2 + (3ffi) 2 Y U ^ « nmuu J \4>[vac]\- 



(6.7) 



Simplifying the right hand side of the formula (6.7) a little bit more, we find 



V " c V(52) 2 + (3gi) 2 



ie (3gi) 2 - (g 2 ) 2 ; 6 i e g 2 ; b 

^gVimiiN - "TT" %iiim V N 



^ c V / (92) 2 + (3 5l ) 2 " J ftc 

+ (v^>w + I£ v / (g 2 ) 2 + (3 5l ) 2 z 9 ^w 



(6.8) 



Acting in a similar way, from (6.6) we derive the following formula: 



^ c V(32) 2 + (3 5 i) 2 

(6.9) 

x4iu[,1 ^^! i (3 51 f'' 4iu 
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The expansion (6.4) can be teated as the expansion of lepton wave functions into 
chiral and antichiral parts. Therefore, using (1.10), we write 



AmiH=E^^ c miiW. &nii[i]=E^c^miii[*1- ( 6 - 10 ) 



Here H h c and H b c are the components of the chiral and antichiral projection operators 
introduced in (1.9) and (1.10). 

Now let's substitute (6.8) and (6.9) into (6.1). As a result, using the formulas 
(2.64), (4.6), (4.7) and the orthogonality condition (4.10), we derive 

^6 = ^61 + ^62 + ^63 + ^64 + £65- (6-11) 

The first term £ 6 i m the right hand side of the formula (6.11) is a standard kinetic 
term for three spin 1/2 particles with electric charge Q in an electromagnetic field: 

c 61 =inj J2 EEEE fllIflllflllBllflUflllx 

i—e,u,r a—1 a—1 b—1 q—0 

(6.12) 



x <im HA* 76°* (%WmiiH - AVhmiiMj dV- 
The electric charge Q for all charged leptons is given by the following formula: 



(6.13) 



Since one of the three particles described by (6.12) is an electron, its charge Q = — e. 
Therefore, from (6.13) we derive the following equality relating g\ and g 2 - 

69192 = 1. (6.14) 



V(92) 2 + (3gi) 2 

Due to (6.13) and (6.14) the electric charge of all three charged leptons e, fj,, and r 
in the table (1.1) is negative and is equal to the charge of an electron: 

Q = -e. (6.15) 

The term £ 6 2 in (6-11) is a standard kinetic term describing three electrically 
neutral leptons — e-neutrino, //-neutrino, abd r-ncutrino: 

„ 4 4 4 3 

c 62 =ihl £ EEEE^w D >* < q v ^' b w dv - ( 6 - 16 ) 

i—e,fi,r a—1 a—1 b—1 q—0 

Note that the wave functions of neutrinos (6.16) have only chiral components. Their 
antichiral components are zero. This is the sign of chiral-to-antichiral asymmetry 
of the Standard Model. 
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The term £53 in (6.11) is a purely potential term. It describes the interaction of 
charged leptons with Z-bosons. Applying (6.10), we write 



44443 



= -~ / . E E E E E E ° n v 11 v 11 v 11 v 11 v 11 >< 

i—e,fi,r a—1 a—1 b—1 c—1 q=0 

(6.17) 

x# U]D -^r 7 {{i9i) 2 -{92?)Ht + ^{9.?k b 

X VllllllH U aa 7c ^9 /7 v? , ,„ Tn VllllllW al/ - 

The presence of the components of chiral and anichiral projectors (1.9) in (6.17) is 
another sign of chiral-to-antichiral asymmetry of the Standard Model. 

The term C§i in (6.11) is a purely potential term. It describes the interaction of 
electrically neutral leptons with Z-bosons. From (6.8) we derive 

i=e,fj,,T a=l a=l b=l c=l q=0 ]^g^ 



x r c q Z q V(ff 2 ) 2 + (3 5l ) 2 HI i> b [i] dV. 

Like (6.17), this term (6.18) also breaks the chiral-to-antichiral symmetry. 

The term Cq§ m the sum (6.11) is also a purely potential term. It describes the 
interaction of charged and neutral leptons with W^-bosons: 

a* = \ I E E E E E ^ v 11 v 11 ° n v 11 v 11 - 

i=e,/i.,r a—1 a—1 fr__l g— 



C 



X Vfmii [i]A*7 6 °* 52 W- lllin iJ b [{\ dV+ (6.19) 

/ E EEEE^^Tr^^^V'iWrW^ 

" ,■ . . ~- 1 ^ — i i 1 n 



i—e,fi,r a—1 a—1 b—1 q—0 



The integral £65 hi (6.19) has the same sign of chiral-to-antichiral asymmetry of 
the Standard Model as the integral (6.16). 

Now let's proceed with the integral (6.2). It is a purely potential action integral. 
Substituting (6.3) into (6.2), we take into account (2.64), (4.6), (4.7), and the 
orthogonality condition (4.10). Apart from those mentioned above, we take into 
account the formula (3.12). As a result we get 

C 7 = C 71 +C 72 - (6.20) 



The first term £71 in the expansion (6.20) is a purely potential term. Moreover, it 
is a mass term. It determines the masses of three charged leptons — an electron, a 



A NOTE ON THE STANDARD MODEL 



2<i 



muon, and a tauon in the leptons generation table (1.1): 

^ = -Ef/EEEE 5ll5U ^ ^ v 11 v 11 

i—e,ii,T a—1 a—1 a—1 a — 1 



(6.21) 



xDaa V>nnn[*] ^niiiiW dV. 



The second term C72 in (6.20) is very similar to (6.21). It is also a purely potential 
term describing the interaction of charged leptons with the real scalar Higgs field: 



c 72 = - e ^/EEEE^ 11 ^ 11 ^ 11 

i—e.ii.T a—1 a—1 a—1 a — 1 



(6.22) 



x D aa X V'nmiM V'miiiH dV. 
From (6.21) we derive the following formulas for the masses of charged leptons: 

m e =-^, ^ = 7f7' m ^V^- (6 ' 23) 

The lepton part of the total action integral is exhausted by (6.21) and (6.22). For 
this reason uncharged leptons are massless particles in the Standard Model. 

7. The quark masses. 

Quarks are represented in the table (1.2). Like leptons they are subdivided into 
three pairs (three generations). Like in the case of leptons, the chiral parts of quark 
wave functions form SU(2)-doublets, while their antichiral parts are singlets. Here 
is the kinetic term of the quark action integral: 

„34443 2 2 3 3 

^ = ^/EEEEEEEEE^* 

J i=l a =l S=l b=l q=0 a=l 5=1 p=l 0=1 



X B^W^r^^DaaJ^ V g ip bla0 [i\ dV + 
. 44432233 

+ ^/E EEEEEEEE^^x 

J i=u,c,t a=l a=l b=l 9=0 a=l a=l /3=1 fj = \ 



(7.1) 



. 44432233 

WE eeeeeeee^x 

J i=d,s,b a=l o=l 6=1 q=0 a=l a = l (3=1 p=\ 



x D 11 B a& B pjS ijj* [i] Daa % 9 %Vn W dV. 
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The mass terms for the quark action integral are more complicated as compared to 
the case of leptons because of the generation mixing: 



33 ,,442233 

' ~11 X 



r 9 = -EE^i /£££££££> 

i=l j=l J a=l a=l a=l a=l /3=1 /3 = i 



3 3 . 4 4 2 2 3 3 

-££w]/££££££^x 



x I),.., I) ,, 1 l)„„r^" - i ^ n r 111V [j]dV- 

33 .442233 

££M^]/££££££^nx 

i=l j=l a=l 5=1 q=1 5=1 /3=1 p=i 



(7.2) 



x B a5l B^D aa ^{{\ p aln il; ala P\j]dV- 

3 3 ,,4 4 2 2 3 3 

££w]/££££££^x 

1=1 j = l J o=lS=la=lo=l(!=l ) 3=i 



x I),,,, /),,/),,,, r'- 1 '- / ¥> alll ^[7]dV. 

Like in (6.1) and in (6.2) for leptons, in the above two action integrals for quarks 
both singlet and doublet wave functions (1.13) and (1.14) are used. But instead 
of three real parameters h[e], h\jj], h[r] here we have two complex 3x3 matrices 
of such parameters and /12 [*.?]■ In the case of leptons we used the expansion 

(6.3). For quarks such an expansion looks like 

= Jul*] • + ip ann0 [i] • (7.3) 

• „ • 

The chiral coefficients H an d V ,alm ' 3 H from (7.3) are complementary to the 
antichiral wave functions (1.13) and (1-14). Indeed, we can define 

V; allll ^ i ]=V> 1111 ' 3 W + allll/3 W, 

(7.4) 

<W = ^fW + ^°ifM- 



The formulas (7.4) are analogous to (6.4). The wave functions introduced by means 
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of the formulas (7.4) are interpreted as the complete wave functions of quarks: 

r llllf3 [u], v allll/3 [c], r im/3 M, 

(7.5) 

<[*], <[&]. 

The first line in (7.5) corresponds to upper level quarks, i. e. an up-quark, a charm- 
quark, and a top-quark, the second line describes lower level quarks — a down- 
quark, a strange-quark, and a bottom-quark. 

The covariant derivatives V 9 in (7.1) are complete non- vacuum covariant deriva- 
tives. They are evaluated according to the formulas (2.5), (2.6), and (2.7), where 
the electro- weak connection components are taken from (2.36), (2.37), and (2.38) in- 
cluding the components of the gauge fields A, A, and A. Passing from non-vacuum 
to vacuum covariant derivatives in (2.5), (2.6), and (2.7) we get 



he 

2 3 (7.6) 



9=1 9=1 



Aie 9l Al Callus Ml ie 93 



(7.7) 



9=1 

V,^f [i] - V^f [i] + ^ ^ [i] - 

3 (7.8) 

The next step is to apply the formulas (4.33) and (4.35) to (7.6), (7.7), and (7.8). 
Let's begin with the last two formulas (7.7) and (7.8) for SU(2)-singlet functions. 
In the case of the formula (7.7), applying (4.33) to it, we derive 

ftc \/(52) 2 + (3<?i) 2 ftc ^ 

In a similar way, applying (4.33) to the formula (7.8), we derive 

ftc V(.92) + (3ffi) 2 
hc V(92) 2 + (3 5 i) 2 ^ 



(7.9) 



(7.10) 
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Applying (4.33) and (4.35) to (7.6), we should take into account the formula (7.3): 



3 



-all! r 



4glg2 ^ . ^"^m - 3(gl)2 ~ (g2)2 ^"^m - 



V , (ff 2 ) 2 + (3 5 i) 2 ftc V(5 2 ) 2 + (3 5 i) 2 



vac 



ftc ^ LJ ; \4>[vac]\ ■ 

The formula (7.11) is analogous to (6.8). When substituting (7.9), (7.10), and 
(7.11) into (7.1) we take into account the equality (6.14). Then we get 

£s = £81 + ^82 + ^83 + £84 + ^85- (7-12) 

The first term £si in the right hand side of the formula (7.12) is a standard kinetic 
term for three spin 1/2 particles in an electromagnetic field: 



J i=d,s.b a=l 5 = 1 6=1 gr=0 /3=1 /3=l 

x ( V ^" [<] + ih A « ^ W " S ^ WJ dV. 
The second term is a standard kinetic term for other three particles 

£ 82 = a/E EEEEEE^ 11 * 

i=u,c,t a=l 3=1 &=1 <j=0 /3=1 /3=1 



(7.13) 



2ie 

3 ?ic q ^ he 



9 = 1 



Looking at (7.14), we see that all upper level quarks, i.e. an up-quark, a charm- 
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quark, and a top-quark (see table (1.2)) have the same positive electric charge 

Q = +l e - ( 7 - 15 ) 

Similarly, looking at (7.13), we find that all lower level quarks, i.e. a down-quark, 
a strange-quark, and a bottom-quark have the same negative electric charge 

Q = ~e. (7.16) 

Compare (7.15) and (7.16) with (6.15) in the case of charged leptons e, /i, and r. 

The term £§3 in (7.12) is a purely potential term. It describes the interaction of 
lower level quarks with Z-bosons. From (7.10) and (7.11) we derive 

J i=d.s.b 5=1 o=l 6=1 c=l q=0 0=1 p=l 

(7.17) 

V(92) 2 + (3.gi) 2 

The term Cgi in (7.12) is also a purely potential term. It describes the interaction 
of lower upper quarks with Z-bosons. From (7.9) and (7.11) we derive 

„ 4444333 

= EEEEEEE^ 11 * 

i=d,s,b 5=1 5=1 6=1 c=l q=0 0=1 fj=\ 



x B 11 B n B r 1111 ^} D aa 7c ° 9 Z q x (7-18) 

-12( gi ) 2 ig-(3( gl ) 2 -( g2 ) 2 )gg tmv 
V / (5 2 ) 2 + (3.gi) 2 

The term £s5 in (7.12) is a purely potential term describing the interaction of upper 
and lower level quarks with VF-bosons. From (7.11) we derive 

„3 4444333 

^/EEEEEEEE^ 11 ^ 



1=1 a=l 5=1 6=1 c=l q=0 0=1 



x ^ff [i] a,5 7 c a? <?2 w- llim v 61111/5 [»] rfy ■ 



«i 

3 4444333 



(7.19) 



i/EEEEEEEE^ 11 ^ 11 

i=l a=l 5=1 6=1 c=l g=0 /3=1 ,9=1 
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The quark terms (7.17), (7.18), and (7.19) in the action integral are analogous to 
the terms (6.17), (6.18), and (6.19) in the case of leptons. Note that the terms 
responsible for interaction of quarks and gluons are comprised within the kinetic 
terms (7.13) and (7.14). This means that the color symmetry SU(3) is not broken. 

Now let's proceed with the integrals (7.2). They are responsible for the masses 
of quarks. Substituting (7.3) into (7.2), we derive 

£ 9 = £ 9 i+£ 92 . (7.20) 

The first term £91 in the sum (7.20) is written as follows: 

i=l 3=1 V a=l a=l 6=1 0=1 p = i 

x BtfDaa (h![ij] Ht + h\ji}Ht) r 1111 ^} i' blllV [j]dV- 

(7.21) 

33 „44433 
i=l 3 = 1 V a=l o=l 6=1 0=1 0=1 



x Btf D a - a (h 2 [ij] HI + h 2 \ji] Hi) V-ff [z] dV. 

The second term £ 92 in (7.20) is responcible for the interaction of quarks with the 
real scalar Higgs field x- It is very similar to (7.21): 

3 3 - .4443 3 

^-EE^/EEEEE 5 "^ ^ s " x 

i=l 3=1 V o=l o=l 6=1 /3=1 /3=i 

x D a5 x (hi [ij] HI +h^ji\Hl) r 1111 ^ ^ blim [J] dV - 

(7.22) 

3 3 1 „44433 

-ee4/eeeee^ u ^x 

i=l 3=1 V a=l o=l 6=1 0=1 0=1 



x 29^ £> a5 x (h 2 [ij] H a b + h 2 \ji] Hi) VffH <f bl <*V- 

The term (7.21) is a mass term for quarks. However, in general case, using it, one 
cannot prescribe masses to individual quarks. Let's consider a special case, where 
the diagonal elements of the coupling constants matrices are real constants: 



hi[ii] = hi[ii], h 2 [ii] = hi[ii]. (7.23) 

In this special case, where the equalities (7.23) arc fulfilled, we can write 

£91 = £gi[diag] + £gi[not diag]. (7.24) 
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The diagonal term Cgi[diag] in the expansion (7.24) is written as follows: 
C 91 [diag] = - £ * / £ £ £ £ flu Bu An An x 



a=l a=l /3=1 (3=1 

3 



1=1 V 2 

4433 

x /EEEE^^^fl^Si^fw^ 

^ 0=15=1/3=1/3=1 

Looking at (7.25), one can prescribe the following masses to individual quarks: 
hi[U]v hx[22]v hi[33]v 

(7.26) 

/i 2 [lD> ft 2 [22lw h 2 \33]v 

m d = -= — , m s = j= — , m b = -= — . 

V2c s/2c \/2c 

The formulas (7.26) are similar to the formulas (6.23) for charged leptons. Note 
that we can impose a more restrictive condition for the coupling constants than 
that of (7.23), e. g. we can require them to form Hcrmitian matrices: 



h 1 [%3\ = hx\ji[, h 2 [ij] = h l \ji). (7.27) 

In this case the action integrals (7.21) and (7.22) simplify to 

3 3 , r .. n „ 4 4 4 3 3 



An = - E E ^jf / £ £ £ E E *n An An An X 

i=l 3=1 V J 0=10=16=1,3=1/3=1 

x B# D aa ip»^[j] dF-EE ^ X ( 7 - 28 ) 

»=ii=i vz 

x /££££X> ll£)11 ^ a* ^fw ^ifbi dv. 



a=l a =l 6=1 /3=1 /3 = i 

3 3 i, r- -l 4 4 4 3 3 

4» = -£E*#/£E££E*u2?n An A n x 



i=l 3 = 1 v 



a=l a=l 6=1 0=1 /3=1 

3 3 



i=l j=l V ^ 



4 4 4 3 3 



/ E E E E E Dl1 Dl1 ®w x *if w *ff m dv. 



a=l a=l 6=1 0=1 /3=i 
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Since (7.27) implies (7.23), the formulas (7.26) for quark masses are valid in this 
case too. Unlike (7.21) and (7.22), the action integrals (7.28) and (7.29) preserve the 
chiral-to-antichiral symmetry. However, this makes no difference for the Standard 
Model in whole since there are many other terms in the total action integral that 
break this symmetry. 

8. Conclusion. 

The main purpose of this paper is to explain the Standard Model of elementary 
particles in a little bit non-standard way different from that traditionally used 
in physical literature. In two previous papers [2] and [6] three special complex 
vector bundles over the space-time manifold M were introduced and studied. These 
bundles provide a geometric background for describing the Standard Model in the 
case of a non-flat space-time manifold M, i. e. in the presence of a gravitation field. 
The actual description of the Standard Model in terms of these three bundles is 
given in the present paper. 
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